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Abstract 

We consider a one- dimensional transient cookie random walk. It is known from 
a previous paper [3] that a cookie random walk (Xn) has positive or zero speed 
according to some positive parameter a > 1 or < 1. In this article, we give the exact 
rate of growth of (Xn) in the zero speed regime, namely: for < a < 1, X„/n~2~ 
converges in law to a Mittag-Leffler distribution whereas for a = 1, X„ (log n)/n 
converges in probability to some positive constant. 
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1 Introduction 

Let us pick a strictly positive integer M. An M-cookie random walk (also called multi- 
excited random walk) is a walk on Z which has a bias to the right upon its M first 
visits at a given site and evolves like a symmetric random walk afterwards. This model 
was introduced by Zerner [I6] as a generalization, in the one-dimensional setting, of the 
model of the excited random walk studied by Benjamini and Wilson [4j. In this paper, we 
consider the case where the initial cookie environment is spatially homogeneous. Formally, 
let (fi, P) be some probability space and choose a vector p = {pi, . . . ,pm) such that 
Pi E [|, 1) for alH = 1, . . . , M. We say that Pi represents the strength of the z**" cookie 
at a given site. Then, an (M, p)-cookie random walk (X„, n G N) is a nearest neighbour 
random walk, starting from 0, and with transition probabilities: 

P|A„+i - A„ + 1 I Ao, . . . , A4 - I 1 otherwise. 



*Address for both authors: Laboratoire de Probabilites et Modeles Aleatoires, Universite Pierre et 
Marie Curie, 175 rue du Chevaleret, 75013 Paris, France. 
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In particular, the future position Xn+i of the walk after time n depends on the whole 
trajectory Xq, Xi, . . . , Therefore, X is not, unless in degenerated Markov 
process. The cookie random walk is a rich stochastic model. Depending on the cookie 
environment (M, p), the process can either be transient or recurrent. Precisely, Zerner 
[T6] (who considered an even more general setting) proved, in our case, that if we define 

M 

« = «(M,p)^='^(2p,-l)-l, (1.1) 

i=l 

then 

• if a < 0, the cookie random walk is recurrent, 

• if a > 0, the cookie random walk is transient towards +oo. 

Thus, a 1-cookie random walk is always recurrent but, for two or more cookies, the walk 
can either be transient or recurrent. Zerner also proved that the limiting velocity of the 
walk is well defined. That is, there exists a deterministic constant v = v{M,p) > such 
that 

Xji 

lim — = V almost surely. 

However, we may have v = 0. Indeed, when there are at most two cookies per site, Zerner 
proved that v is always zero. On the other hand, Mountford et al. [9] showed that it is 
possible to have f > if the number of cookies is large enough. In a previous paper |3j, 
the authors showed that, in fact, the strict positivity of the speed depends on the position 
of a with respect to 1: 

• if a < 1, then f = 0, 

• if a > 1, then > 0. 

In particular, a positive speed may be obtained with just three cookies per site. The 
aim of this paper is to find the exact rate of growth of a transient cookie random walk 
in zero speed regime. In this perspective, numerical simulations of Antal and Redner [2] 
indicated that, for a transient 2-cookies random walk, the expectation of X„ is of order 
n^, for some constant z/ G (|, 1) depending on the strength of the cookies. We shall prove 
that, more generally, u = ^j^. 

Theorem 1.1. Let X be a {M,p) -cookie random walk and let a be defined by (11. ip . Then, 
when the walk is transient with zero speed, i.e. when < a < 1, 

1. Ifa< 1, 

Y 

law 1 J 



a + l 

n 2 



where M.a+i denotes a Mittag-Leffler distribution with parameter ^i^. 
2. If a = 1, there exists a constant c > such that 

\Ogn prob. 

X„ — ^ c. 

n n— >oo 

These results also hold with supj<„Xj and infj>„Xj in place of Xn. 



2 




n 



Figure 1: Simulation of the 100000 first steps of a cookie random walk with M = 3 and 
Pi=P2 = P3 = I {i-e. a = \ and u = |). 

This theorem bears many likenesses to the famous result of Kesten-Kozlov-Spitzer [7] 
concerning the rate of transience of a one-dimensional random walk in random environ- 
ment. Indeed, following the method initiated in [3], we can reduce the study of the walk 
to that of an auxiliary Markov process Z. In our setting, Z is a branching process with 
migration. By comparison, Kesten et al. obtained the rates of transience of the random 
walk in random environment via the study of an associated branching process in random 
environment. However, the process Z considered here and the process introduced in [7] 
have quite dissimilar behaviours and the methods used for their study are fairly different. 

Let us also note that, as a tends to zero, the rate of growth n*^^"*""^/^ tends to ^/n. This 
suggests that, when the cookie walk is recurrent {i.e. — 1 < a < 0), its growth should 
not be much larger than that of a simple symmetric random walk. In fact, we believe 
that, in the recurrent setting, supj<„Xj should be of order l{n)^/nioY some slowly varying 
function /. 

The remainder of this paper is organized as follow. In the next section, we recall the 
construction of the associated process Z described in [3] as well as some important results 
concerning this process. In section [H we study the tail distribution of the return time to 
zero of the process Z . Section [4] is devoted to estimating the tail distribution of the total 
progeny of the branching process over an excursion away from 0. The proof of this result 
is based on technical estimates whose proofs are given in section [5l Once all these results 
obtained, the proof of the main theorem is quite straightforward and is finally given in 
the last section. 

2 The process Z 

In the rest of this paper, X will denote an (M, p)-cookie random walk. We will also always 
assume that we are in the transient regime and that the speed of the walk is zero, that is 

< a < 1. 
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The proof of Theorem 11.11 is based on a careful study of the hitting times of the walk: 



T„ = mi{k > 0, Xk = n}. 

We now introduce a Markov process Z closely connected with these hitting times. Indeed, 
we can summarize Proposition 2.2 and equation (4) of [3] as follows: 

Proposition 2.1. There exist a Markov process {Zn, n G N) starting from and a se- 
quence of random variables {Kn, n > 0) converging in law towards a finite random variable 
K such that, for each n 

n 

Tn = n + 2^Zk + Kn- 

Therefore, a careful study of Z will enable us to obtain precise estimates on the 
distribution of the hitting times. In the rest of this section, we shall recall the construction 
of Z and some important results obtained in [3]. 

For each i = 1, 2, . . ., let 5^ be a Bernoulli random variable with distribution 

We define the random variables Aq, Ai, . . . , Am-i by 

i 

Aj = ^{l<t< kj, Bi = 0} where kj = inf (^i > 1, ^ 5; = j + l) . 

1=1 

Therefore, Aj represents the number of "failures" before having j + 1 "successes" along 
the sequence of coin tossings (-Bi). It is to be noted that the random variables Aj admit 
some exponential moments: 

E[s^^] < oo for all s e [0,2). (2.1) 
According to Lemma 3.3 of |3], we also have 

M 

E[Am-i] = 2 J](l -p,) = M-l-a. (2.2) 

i=l 

Let (^j, i G N*) be a sequence of i.i.d. geometric random variables with parameter | {i.e. 
with mean 1), independent of the Aj. The process Z mentioned above is a Markov process 
with transition probabilities given by 

i-M+l 

P{Zn+l =j\Zn = l]= P|%<M-l}^i + H>M^1} + J] ik) = ]] ■ (2.3) 

k=l 

As usual, we will use the notation P^^ to describe the law of the process starting from 
x e N and E^^ the associated expectation, with the conventions P = Pq and E = Eq. Let 
us notice that Z may be interpreted as a branching process with random migration, that 
is, a branching process which allows both immigration and emigration components. 
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• lfZn = ie {M,M + 1,.. .}, then Z^+i has the law of^'J^^^ + Am-i, i.e. M-1 
particles emigrate from the system and the remaining particles reproduce according 
to a geometrical law with parameter | and there is also an immigration of Am-i 
new particles. 

• If Z„ = i G {0, . . . , M — 1}, then Zn+i has the same law as Aj, i.e. all the i particles 
emigrate the system and Ai new particles immigrate. 

Since we assume that the cookie vector p is such that pi < 1 for all i, the process Z is an 
irreducible Markov process. More precisely, 

P^{Zi = y}>0 for all x,y eN. 

From the construction of the random variables Ai, we have Aq < Ai < . . . < Aa/-i. 
This fact easily implies that, for any x < y, the process Z under P^; (starting from x) is 
stochastically dominated by Z under Py (starting from y). Let us also note that, for any 
k>M -I, 

E[Z„+i -Zn\Zn = k]= B[Am^i] -M+1 = -a. (2.4) 

This quantity is negative and we say that emigration dominates immigration. In view of 
(12. 4p . a simple martingale argument shows that Z is recurrent. More precisely, according 
to section 2 of |3j, the process Z is, in fact, positive recurrent and thus converges in law, 
independently of its starting point, towards a random variable Z^o whose law is the unique 
invariant probability for Z. Moreover, according to Remark 3.7 of [3j, the tail distribution 
of Zoo is regularly varying with index a: 



Proposition 2.2. There exists a constant c > such that 

P{^oo > X} 

Let now a denote the first return time to for the process Z 



x—>-oo 



c/a;" if a e (0,1), 
c\ogx/x if a = 1. 



a = mi{n > 1, Z„ = 0}. 

According to the classical expression of the invariant probability, for any non negative 
function /, we have 



E 



(T-l 



,i=0 



B[a]E[f{Z^)]. 



(2.5) 



In particular, we deduce the following corollary which will be found very useful: 
Corollary 2.3. We have, for p>0, 

"cr-l 



E 



.1=0 



< oo if P < a, 
= oo if l3 > a. 
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3 The return time to zero 



We have already stated that Z is an irreducible positive recurrent Markov chain, thus the 
return time cr to zero has finite expectation. The aim of this section is to strengthen this 
result by giving the asymptotic of the tail distribution of o . Precisely, we will show that 

Proposition 3.1. For any initial starting point x > 1, there exists c = c{x) > such 
that 

PxW > n} 



Notice that we do not allow the starting point x to be 0. In fact, this assumption could 
be dropped but it would unnecessarily complicate the proof of the proposition which is 
technical enough already. Yet, we have already mentioned that Z starting from is 
stochastically dominated by Z starting from 1, thus P{a > n} < Pijo" > n}. We also 
have P{a > n} > P{Zi = l}Pi{cr > n — 1}. Therefore, we deduce that 

<P{a>n}< 



where Ci and C2 are two strictly positive constants. In particular, we obtain the following 
corollary which will be sufficient for our needs. 



Corollary 3.2. We have 



EK]^ (3.1) 



The method used in the proof of the proposition is classical and based on the study 
of probability generating functions. Proposition 13.11 was first proved by Vatutin [10] 
who considered a branching process with exactly one emigrant at each generation. This 
result was later generalized for branching processes with more than one emigrant by 
Vinokurov [l2] and also by Kaverin [6|. However, in our setting, we deal with a branching 
process with migration, that is, where both immigration and emigration are allowed. 
More recently, Yanev and Yanev proved similar results for such a class of processes, under 
the assumption that, either there is at most one emigrant per generation [14] or that 
immigration dominates emigration [13] (in our setting, this would correspond to the case 
a < 0). 

For the process Z, the emigration component dominates the immigration component 
and this leads to some additional technical difficulties. Although there is a vast literature 
on the subject (see the authoritative survey of Vatutin and Zubkov [11] for additional 
references), we did not find a proof of Proposition 13.11 in our setting. We shall therefore 
provide here a complete argument but we invite the reader to look in the references 
mentioned above for additional details. 

Recall the definition of the random variables Ai and defined in section [2l We 
introduce, for s G [0, 1], 

F{s) = E[s«i] 



2-s' 

def „\A/-lT7ir„AA/-ll 



6is) = {2-sy'-'E[s' 
Hk{s) = (2 - s)*^-^-'=E[s^^^-i] - E[s^^] for 1 < A; < M - 2. 
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Let Fj{s) = F o . . . o F{s) stand for the j-fold of F (with the convention Fq = Id). We 
also define by induction 



Lemma 3.3. (a) F„ = 1 — 

(b) Hk{l -s) = -H'^{l)s + when s ^ for all 1 < k < M - 2. 

(c) 6{1 - s) = 1 + as + 0{s'^) when s ^ 0. 

(d) 7n ~oo csn" with C3 > 0. 

Proof. Assertion (a) is straightforward. According to (12. ip . the functions are analytic 
on (0,2) and (b) follows from a Taylor expansion near 1. Similarly, (c) follows from 
a Taylor expansion near 1 of the function 6 combined with (12. 2p . Finally, 7^ can be 
expressed in the form 





which yields (d). 



□ 



Let Z stand for the process Z absorbed at 0: 



Z 



def 



Zn^{n<mf{k, Zfe=0)} • 



n 



We also define, for x > 1 and s G [0, 1] 



00 




(3.2) 



i=0 



def 




and for 1 < A; < M - 2 



00 



gk,xi^) = ^ Px{Zi = k}s' 



i=0 



Lemma 3.4. For any 1 < k < M — 2, we have 



(a) sup^>i5(fc,^.(l) < 00. 



(b) for all x>l, g[^^{l) < 00. 
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Proof. The value gx,ki^) represents the expected number of visits to site k before hitting 
for the process Z starting from x. Thus, an easy application of the Markov property 
yields 



Px{Z visits k before 0} 



< 



1 



Pk{Z visits before returning to k} Pfc{^i = 0} 



< oo. 



This proves (a). We now introduce the return times ak = inf (n > 1, Zn = k). In view of 
the Markov property, we have 



n=l 

oo 

= gkA'^) + ^Px{(rk = h (Tk < cT}Efc[^(z + n)Il^^^^^^ 



i=l 



n=0 



oo 

gk,x{l) + E^[(Tfc]l{afe«x}]^fc,fc(l) + ^xiok < a}Efc[^ 



n=0 



Since Z is a positive recurrent Markov process, we have Ea;[(Tfc]l{o-j.<(T}] < Ex[o-] < oo. 
Thus, it simply remains to show that E^ Yl'^=o''^^{Zn=k} ^ Using the Markov 
property, as above, but considering now the partial sums, we get, for any > 1, 



E, 



N 



--k} 



n=l 



N 



^PkWk = i, o-k < a}Ek 



i=l 



'N-i 



--k} 



n=0 



< Ek [akl{a^<a}] gk,k{l) + Pfc{0-fc < (T}Ek 



Since Pfclo" < ak} > Pk{Zi = 0} > 0, we deduce that 



N 



:fc} 



.n=l 



Ei 



N 



n=l 



Efc [crfc]l{^j^<^}] gk,k{i) 



and we conclude the proof letting tend to +oo. 

Lemma 3.5. The function defined by ^3.2\) may be expressed in the form 

M-2 



□ 



Jx{s) = Jx{s) + ^ Jk,x{s) for s E [0, 1), 



k=l 



where 



7 ^/ Er=0 7n(l - (i^n)'')g" , J , . del gkAs)Y.n=0lnHk{Fn)s'^ 
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Proof. From the definition (12.31) of the branching process Z, we get, for n > 0, 



Af-2 oo 



fc=l fc=M-l 



Since E[s^] = F{s) and Gn,a.(0) = Px{Zn = 0}, using the notation introduced in the 
beginning of the section, the last equahty may be rewritten 



M~2 



k=l 

Iterating this equation then setting s = and using the relation Go,x(-^n+i) = {F'n+iY, 
we deduce that, for any n > 0, 

n M-2 n 

i=0 fc=l i=0 

(3.3) 

Notice also that Px{Zn 7^ 0} = 1 — Gn,x{0). In view of (13.31) and making use of the 
relation (1 — 6{Fi))'ji = 7^ — 7j+i, we find, for all n > (with the convention ^ ~ ^) 

n-l 



P4Z„ 7^ 0} = 7,(1 - (FO") + 5^(7^ - 7*+i)P4^n-i-^ ^ 0} 

M-2 n-l 

+ J] ^P.{Z„-i-i = k}-fiHk{Fi). 



k=l i=0 

Therefore, summing over n, for s < 1, 



J,(s) = ^P4Z„^0}s" 

n=0 

00 00 n 

= 5^ 7n(l - (Fn)^)^" + 5^ 5^(7. - 7.+l)Px.{^n-. 7^ 0}."+^ 
n=0 71=0 i=0 

M-2 oo n 

+ 5^ 5Z$^Px-{^n.^ = A;}7,i/,(F,)s"+i 

fc=l n=0 j=0 

oo CO M— 2 oo 

= ^7„,(1 - (F„r)s" + Us) J2hn - 7n,+l)s"+^ + 9KMY.^nHk{Fn)s-^. 



n=0 n=0 k=l n=0 

We conclude the proof noticing that ^^0(7*^ ~ In+ijs'^^'^ = (s - 1) Yl'^=olnS'^ + 1. □ 
We can now give the proof of the proposition. 
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Proof of Proposition [XII Recall that the parameter a is such that < a < 1. We first 
assume a < 1. Fix x > 1 and 1 < k < M — 2. In view of Lemma [3731 and with the help 
of an Abelian/Tauberian theorem (c./. Chap VIII of [5]), we check that 



C3r(a + 1) 



n=0 ^ ^ 



and V7„i/,(F„)s'^ ~ 

s— >1" 



n.=0 



C3i/l(l)r(a) 



These two equivalences show that Jk,x{^) = lim^^i- Jk,x{s) is finite. More precisely, we 
get 



a 



so that we may write 



1 - S 

with the notation 



1 - s 



+ 



gk,x{'\-)Bk{s) 



(3.4) 



Bkis) = ^^{s - 1) ^7ns" -J2lnHkiFn)s\ 



a 



n=0 



n=0 



The first term on the r.h.s. of (13. 4p converges towards — g[{l) H'i,{l) / a as s tends to 1 
(this quantity is finite thanks to Lemma [331). Making use of the relation 'jn+i = ^(-^n)7n, 
we can also rewrite Bk in the form 



Bk{s) =^ln- 



n=l 



H'kil] 



a 



;i - 5(F„_i)) - S{Fr,.i)Hk{Fn) 



H'Al] 



a 



HkiO). 



With the help of Lemma 13.31 it is easily check that 



7n-l 



H'jr 



a 



;i-5(F„_i))-5(F„_i)/7fc(F„) 



n 



2~a 



Since a < 1, we conclude that 



BkiX) = lim Bk{s) is finite. 



(3.5) 



We also have 



.1-^) l^lnS ^r.^_- 



C3r(a + 1) 



n=0 



(1 - s)°-i 



Thus, combining (13.41) . (13.51) and ( 13. 6p . as s 



(3.6) 



^fc,x(l) - Jk,x{s) ^ 5'fc,x(l)^fc(l) . _ .a-1 , _ 

1-s C3r(a + 1) ^ ^ U ^ 

We can deal with in exactly the same way. We now find Jx{l) = f and setting 



(3.7) 



5,.(1) = V7n-i \-{S{F^-i) - 1) - 5(i^„-i)(l - (i^„) 



n=l 



X 

a 



(3.8) 
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we also find that, as s ^ 1 , 



BJl] 



1 — s C3T{a 
Putting together (13 .7^ and (13.9p and using Lemma 13751 we obtain 

4(1) - Us) 



(3.9) 



1 - s 



c,{i-sr-'+o{{i-sr-') 



with 



(3.10) 



(3.11) 



Since a; 7^ 0, we have Px{Zn 7^ 0} = P^jo" > n} and, from the definition of Jx, we deduce 

JJl) - JJs) 



00 00 



n=0 k=n+l 



1 - S 



(3.12) 



Combining (|3.10l) and (|3.12l) . we see that > 0. Moreover, the use of two successive 
Tauberian theorems yields 



Cm 



T(l - a)n°+i 



+ 



n 



a+l 



It remains to prove that 7^ 0. To this end, we first notice that, for x,y > 0, we have 
Py{Zi = x} > and 

Py{(T >n}> Py{Zi = x}Px{(T >n-l}. 

Thus, Cy > Py{Zi = x}Cx so it suffices to show that is not zero for some x. In view 
of (a) of Lemma [3741 the quantity 

M-2 
k=l 

is bounded in x. Looking at the expression of given in (13. lip , it just remains to prove 
that Bx{l) can be arbitrarily large. In view of (13.81) . we can write 

5^(1) = xS(x) + - - 1 
a 



where 



S{x) = ^7„_i 



n=l 



-(5(F„_i) - 1) - 5(F„_i)^^-^ 

a X 



But for each fixed n, the function 



X 5{F, 



n-1 J 



X 
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decreases to as x tends to infinity, so the monotone convergence theorem yields 



Six) T - CsJ2-TZ^ = +00. 

n=l n=l 

Thus, Bx{l) tends to infinity as x tends to infinity and the proof of the proposition for 
a < 1 is complete. The case a = 1 may be treated in a similar fashion (and it is even 
easier to prove that the constant is not zero). We skip the details. □ 

Remark 3.6. The study of the tail distribution of the return time is the key to obtaining 
conditional limit theorems for the branching process, see for instance fBi HM [12F- 
deed, following Vatutin's scheme [W^ and using Proposition \3.1\ it can now be proved that 
Zn/n conditioned on not hitting before time n converges in law towards an exponential 
distribution. Precisely, for each x = 1,2,... and r G IR+, 

lim P^,. I — < r \ a > n} = 1 — e~^. 

n^oo \^ n J 

It is to be noted that this result is exactly the same as that obtained for a classical critical 
Galton-Watson process (i.e. when there is no migration). Although, in our setting, the 
return time to zero has a finite expectation, which is not the case for the critical Galton- 
Watson process, the behaviours of both processes conditionally on their non- extinction are 
still quite similar. 



4 Total progeny over an excursion 

The aim of this section is to study the distribution of the total progeny of the branching 
process Z over an excursion away from 0. We will constantly use the notation 

def a + 1 
= . 



In particular, u ranges through (|, 1]. The main result of this section is the key to the 
proof of Theorem 11.11 and states as follows. 

Proposition 4.1. There exists a constant c > such that 



^Zk> X 

. k=0 



c/x" if ae{0,l] 

clogx/x if a = 1. 



Let us first give an informal explanation for this polynomial decay with exponent u. 
In view of Remark 13.61 we can expect the shape of a large excursion away from zero 
of the process Z to be quite similar to that of a Galton-Watson process. Indeed, if H 
denotes the height of an excursion of Z (and a denotes the length of the excursion), 
numerical simulations show that, just as in the case of a classical branching process 
without migration, H ^ a and the total progeny Ylk=o is of the same order as Ha. 
Since the decay of the tail distribution of a is polynomial with exponent a + 1, the 
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tail distribution of Ylk=l should then decrease with exponent ^j^. In a way, this 
proposition tells us that the shape of an excursion is very "squared". 

Although there is a vast literature on the subject of branching processes, it seems that 
there has not been much attention given to the total progeny of the process. Moreover, 
the classical machinery of generating functions and analytic methods, often used as a rule 
in the study of branching processes seems, in our setting, inadequate for the study of the 
total progeny. 

The proof of Proposition 14.11 uses a somewhat different approach and is mainly based 
on a martingale argument. The idea of the proof is fairly simple but, unfortunately, since 
we are dealing with a discrete time model, a lot of additional technical difficulties appear 
and the complete argument is quite lengthy. For the sake of clarity, we shall first provide 
the skeleton of the proof of the proposition, while postponing the proof of the technical 
estimates to section 15. 2[ 

Let us also note that, although we shall only study the particular branching process 
associated with the cookie random walk, the method presented here could be used to deal 
with a more general class of branching processes with migration. 

We start with an easy lemma stating that P{X]fc=o > x} cannot decrease much 
faster than ^j. 

Lemma 4.2. For any [3 > v, we have 



E 



cr-l 
fc=0 



oo. 



Proof. When a = v = 1, the result is a direct consequence of Corollary 12.31 of section [2l 
We now assume a < 1. Holder's inequality gives 



0--1 



n=0 



n=0 



Taking the expectation and applying again Holder's inequality, we obtain, for e > small 
enough 



E 



with p 



l+a-£ 



n=0 
1+a-e 



< Eicr^+^^'li E 



0--1 



n=0 



and aq = -^zfy^- Moreover, Corollary 12.31 states that E[J2n=o^n] = ^ 
and thanks to Corollary 13.21 E[cr^+"~^] < oo. Therefore, 



E 



0--1 
n=0 



E 



cr-l 



n=0 



OO. 



This result is valid for any e' small enough and completes the proof of the lemma. □ 



Proof of Proposition \4-l\ Let us first note that, in view of an Abelian/Tauberian theorem. 
Proposition 14. II is equivalent to 



E 



1 



CX"" ifae(0,l), 
CX loe; A if a = 1, 
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where C is a positive constant. We now construct a martingale in the following way. Let 
Ky denote the modified Bessel function of second kind with parameter p. For A > 0, we 
define 

(f)^{x) = {^/XxfK^iVXx), for X > 0. (4.1) 

We shall give some important properties of (px in section 15. 1[ For the time being, we 
simply recall that 0a is an analytic, positive, decreasing function on (0, oo) such that 0a 
and 0';)^ are continuous at with 

0a(O) = 2''-ir(z/) and 0'a(O) = 0. (4.2) 

Our main interest in 0a is that it satisfies the following differential equation, for x > 0: 

— Xxcpx^x) — a(f)'x{x) + x(j)'^{x) = 0. (4.3) 



def 



Now let {J-'n,n > 0) denote the natural filtration of the branching process Z i.e. Tn 
o'iZk, < k < n) and define, for > and A > 0, 

Wn = MZn)e~'^^^'-o^^. (4.4) 



Setting 

it is clear that the process 



fi{n)'^E[Wn-Wr,+i\J'n], (4.5) 



ra-1 



F. = iy„ + J]/i(A;) 

A;=0 

is an ^-martingale. Furthermore, this martingale has bounded increments since 

\Yn+l-Yn\ < \Wn+l-Wn\ + \fiin)\ <4||0a||oo. 

Therefore, the use of the optional sampling theorem is legitimate with any stopping time 
with finite mean. In particular, applying the optional sampling theorem with the first 
return time to 0, we get 

(T-l 



.(0)E[e-^S^-^^] =0a(O)-E[5^M^)], 



fc=0 

which we may be rewritten, using that 0a(O) = 2'^~^T{iy), 

E[l-e^'^rJz^] = —^E[J2Kk)]. (4.6) 

The proof of Proposition [4T] now relies on a careful study of the expectation of ^^Zg ^J'ik). 
To this end, we shall decompose /i into several terms using a Taylor expansion of 0a. We 
first need the following lemma: 
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Lemma 4.3. 

(a) There exists a function fi with fi{x) = for all x > M — 1 such that 

E[Zn+l - Zn I J^n] = -« + 

(b) There exists a function f2 with f2{x) = f2{M — 1) for all x > M — 1 such that 

E[(Z„,+i — I J^n] = '^Zn + 2/2(Z„). 

(c) For p G N*, there exists a constant Dp such that 

E[|Z„+i - Zn\P I < Dp{Zf/^ + ]l{z„=o}). 

Proof. Assertion (a) is just a rewriting of equation (I2.4p . Recall the notations introduced 
in section [21 Recall in particular that E[y4M-i] = M — 1 — a. Thus, for j > M — 1, we 
have 

E[(Z,+i - I Z„ = j] = E[{Am-i + ^i + ...+^j-m+i-jY] 

j-M+l 



E 



(a + (AM_i-E[A,,_i])+ J2 (^fc-E[6]) 



k=l 



= a2 + Var(AM_i) + (j-M + l)Var(ei) 
= 2Z„ + a^ + Var(AM-i) - 2(A.f - 1). 

This proves (b). When p is an even integer, we have E[|Z„+i — Z„p | JF„] = E[(Z„+i — 
ZnY I ^n] and assertion (c) can be proved by developing — in the same manner 
as for (b). Finally, when p is an odd integer, Holder's inequality gives 



E[|z„+i - Znf I ^„ = J > 0] < E[|z„+i - \z„ = j>o]^ < d;x\zI. 



□ 



Continuation of the proof of Proposition^^ For n E [1, a — 2], the random variables Z„ 
and Zn+i are both non zero and, since is infinitely differentiable on (0, cxo), a Taylor 
expansion yields 

MZn+l) = MZn) + 0'A(^n)(^„,+l - + (Z„) (^n+1 " ^n)' + ^n, (4.7) 

where 6'„ is given by Taylor's integral remainder formula 

9n = {Zn+l - Znf / (1 - + t(^n+l - ^n)) ~ ^'x{Z^))dt. (4.8) 

JO 

When n = cr — 1, this result is a priori incorrect because then Zn+i = 0. However, 
according to (14. 2p and (14. 3p . the functions 4>\it), (p'xit) and t(f)'^{t) have finite limits as t 
tends to 0"*", thus equation (14.71) still holds when n = a — 1. Therefore, for n E [l,a — 1], 

E[e^^-MZn) - MZn+l) I :Fn] = 
{e^^"-l)MZn)-<Px{ZnMZn+l~Zn \ J^n] - ^(pxiZnMiZn+l - Z^^f \ ^„]-E[^„ | 
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In view of (a) and (b) of Lemma 14.31 and recalling the differential equation (14.30 satisfied 
by 0A, the r.h.s. of the previous equality may be rewritten 



1 - AZ„)0a(^„) - 0U^n)/l(^n) - 0';((Z„,)/2(^„) " E[e„ | 



On the other hand, in view of (14. 4p and (14. Sp . we have 

Thus, for each n G [1, a — 1], we may decompose fi{n) in the form 

fi{n) = /ii(n) + /i2(n) + fis{n) + /i4(n), 

where 

^,(n) e-^S^-^He'^"-l-A^„)0A(^n) 
/i2(n) -e-^S-o^.0'^(z„)/,(Z„) 

def 



(4.9) 



(4.10) 



lii{n) 



def 



-e-^^-O^'=0';(^„)/2(^n) 



In particular, we can rewrite (14.61) in the form (we have to treat /i(0) separately since 
(I48l) does not hold for n = 0) 



CT-l 



E[l 



2'^-ir(z/) 



E[M0)]+$^E[5^/i,, 

I i=l n=l 



(4.11) 



We now state the main estimates: 



Lemma 4.4. There exist e > and eight finite constants {Ci, C[, z = 0, 2, 3, 4) such that, 
as A tends to O"*", 



(a) E [^(0)] 

(b) ^[T:~=\^^M]=o{\) 

(c) e[e::;/^2( 

(d) EK:;/X3( 



CoA^ + 0(A) 
CoAlogA + C^A + o(A) 



77, 



o(A 



a G (0, 1) 

/or a G (0,1], 
if aG (0,1) 



C2AlogA + C^A + o(A) «/a = l. 



[n 



CsA^ 



o(A 



« G (0, 1) 



C3A log A + C^A + o(A) if a = l, 



(e) EK:U4(n 



C4A^ + o(A'^+^) 
C^A + o(A) 



if ae (0, 1) 
?/ a = 1. 



Let us for the time being postpone the long and technical proof of these estimates 
until section [52] and complete the proof of Proposition 14.11 In view of (14. lip , using the 
previous lemma, we deduce that there exist some constants C, C such that 



E 



CA"^ + o(A'^+=) ifaG(0, 1), 

CAlogA + C"A + o(A) ifa = l. 



(4.12) 
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with 



C 



det 



2i-'^r(z/)-i(Co + C2 + C3 + C4) whena<l, 



2^-^T{uy^{CQ + C2 + C^) when a = 1. 

It simply remains to check that the constant C is not zero. Indeed, suppose that C = 0. 
We first assume a = 1. Then, from fl4.12p . 



E 



1 — Q-^Yfk=0 



C'\ + o(A) 



which implies E[^^^q Z^] < oo and contradicts Corollary I2.3[ Similarly, when a G (0, 1) 
and C = 0, we get from ()4.12l) . 



E 



1 — ^-^T.lJ,Zk 



This implies, for any < < e, that 



E 



0--1 
n=0 



< OO 



which contradicts Lemma [42l Therefore, C cannot be zero and the proposition is proved. 

□ 



5 Technical estimates 

5.1 Some properties of modified Bessel functions 

We now recall some properties of modified Bessel functions. All the results cited here may 
be found in [1] (section 9.6) or [8] (section 5.7). For 77 G M, the modified Bessel function 
of the first kind is defined by 



(x/2) 



2k 



2 J ^r(A; + l)r(A; + l + r/) 



and the modified Bessel function of the second kind K^, is given by the formula 

for 7] G I 



^ i.^{x)-i^{x) forr7GM-Z, 
\mi^i^^ K^i{x) for ?7 G Z. 



We are particularly interested in 



F^(x) = x'^Kriix) for X > 0. 



Thus, the function defined in (14.11) may be expressed in the form 

0a(x) = F,{y/Xx). 



(5.1) 



Fact 5.1. For t] > 0, the function is analytic, positive and strictly decreasing on 
(0,00). Moreover 
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1. Behaviour at ; 

(a) If 7] > 0, the function is defined by continuity at with F^{0) = 2^~^r{ri). 

(b) If T] = 0, then Fq{x) = — log a; + log 2 — 7 + 0(1) as x ^ 0^ where 7 denotes 
Euler's constant. 

2. Behaviour at infinity: 

FJx) ~ \l^e-\ 

' x^oo Y 2x 

In particular, for every rj > 0, there exists G M such that, for all a; > 0, 

Fr,{x) < Crje-"". (5.2) 

3. Formula for the derivative: 

F;(x) = -x''^-'F,.,{x). (5.3) 
In particular, solves the differential equation 

xF^{x) - {2r] - l)F^(x) - xF^(x) = 0. 

Concerning the function 0a, in view of (15.11) . we deduce 

Fact 5.2. For each A > 0, the function (px is analytic, positive and strictly decreasing on 
(0,00). Moreover 

(a) 0A is continuous and differentiable at with 0a(O) = 2'^~^r(z/) and 0a(O) ~ 0- 

(b) For X > 0, we have 

0'a(x) = -X''x''F,_,{^/Xx), 



-- XF^iVXx) -aX^x^-^F^.^i^Xx). 
In particular, solves the differential equation 

—Xx(f)\{x) — a(f)'x{x) + x0a(x) = 0. 

5.2 Proof of Lemma [4^41 

The proof of Lemma [441 is long and tedious but requires only elementary methods. We 
shall treat, in separate subsections the assertions (a) - (e) when a < 1. We explain, in a 
last subsection, how to deal with the case a = 1. 

We will use the following result extensively throughout the proof of Lemma 14. 4[ 



Lemma 5.3. There exists e > such that 



E 



ail- e^-^^fe=o^'=' 



o{X') asX^Q- 
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Proof. Let P < a < 1, the function x — is concave, thus 



E 



cr-l 



fc=0 



< E 



■(T-l 

.A;=0 



Ci < OO, 



where we used Corollary [231 to conclude on the finiteness of ci. From Markov's inequality, 
we deduce that P {Ylk=o ^fc > a^} < f^- for all x > 0. Therefore, 



E 



cr-l 



k=0 



Choosing x = X and setting P' = -g^, we deduce 



E 



According to Corollary 13.21 for 5 < a, we have E[cr^+'^] < oo, so Holder's inequality gives 



E 



a 



< Ek^+^lTT^E 



s 

1+S 



1 - e 



which completes the proof of the lemma. 



□ 



5.2.1 Proof of (a) of Lemma 14.41 when a <1 



Using the expression of /i(0) given by (14.9p and the relation (15.31) between of and 
we have 



E[/i(0)] = E[F,(0) - F^iVXZ,)] = -E 



Fl{x)dx 



WE 



rF,^,{y/\y)dy 



Thus, using the dominated convergence theorem. 



lim —E[nm = E 



y''F,_,{Q)dy 



Fi^.(O) 
l + a 



E[Z|+'^] =Co < oo. 



Furthermore, using again (15.31) . we get 



-E[m] - Co 



E 
E 



(Fi_.(0) - Fi_,(v^y)) rfy 



Zi rV^y 

/ x~''F^{x)dxdy 











< 

Therefore, we obtain 

which proves (a) of Lemma 14.41 



•-X^E 



ydy 



1 — a 

E[n{0)] = + 0{X) 



|F^||ooE[Z^]^i-H 



2(1 - a) 
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5.2.2 Proof of (b) of Lemma 14.41 when a <1 

Recall that 

^,{n) = e-^^^=o^*(e^^" - 1 - AZ„)0A(^n) = e-^^^=o^.(e^^" - 1 - AZ„)F,(v^Z„). 
Thus, /ii(n) is almost surely positive and 

/ii(n) < (1 - e-^^" - AZ„e-^^")F,(v^Z„). 
Moreover, for any y > 0, we have 1 — — ye~^ < min(l, y"^), thus 

< F^(v^Zn)]lr^ -2 1osA. + ||F^||ooA^Z^]lrv <^ 



r7 ^ —2 log A 1 -f- iir y ^ —2 log A t 



< F,(-21ogA) + ||F,|UAX]1^^^<^ 



-}' 



where we used the fact that Fy is decreasing for the last inequality. In view of (15 ■2p . we 
also have 21ogA) < Cy}? and therefore 



E 



0--1 



^/ii(n) 



n=l 



< A^c^E^ + A^llF^llooE 



CT-l 



n=l 



(5.4) 



On the one hand, according to (I2.5p . we have 



E 



cr-l 



n=l 



r 7 ^ -2 log A 1 



E 



EM. 



(5.5) 



On the other hand. Proposition 12.21 states that P(^oo > a;) ~ as x tends to infinity, 
thus 



E [Z^ll|^^<.|] ~ 2j]A;P(Zoo>fc) 
This estimate and (15.51) yield 



2C 

x^oo 2 — 



A^E 



^Z^lrv ^-21ogA 



n=l 



r 7 ^ -2 log A 1 



~ cgA^+tllogAp-". 



(5.6) 



Combining (15. 4p and (15. 6p . we finally obtain 

"cr-l 

E 5^/ii( 

which proves (b) of Lemma 14.41 



n) 



0(A), 
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5.2.3 Proof of (c) of Lemma 14.41 when a < 1 

Recall that 

/i2(n) = -e-"^^=o^'^0',(Z„)/i(ZO = A'^Z„"Fi_,(v^ZO/i(^n)e""^^=o^'=. 

Since = for a: > M — 1 (c./. Lemma [43l) . the quantity \fi2{n)\/y is smaller than 
^"||/i||oo||-^i-!/||oo- Thus, using the dominated convergence theorem, we get 



lim— E 



(T-l 

n=l 



n] 



E 



cr-l 



n=l 



Co e 



It remains to prove that, for £ > small enough, as A — 0" 

V-l 



E 

n=l 



o(A^). 



(5.7) 



We can rewrite the l.h.s. of (15.71) in the form 

[(T-l 



E 



n=l 



+ E 



n=l 



(5.8) 



On the one hand, the first term is bounded by 



E 



cr-l 



5^Z:|/i(Z„)|(Fi.,(0) -Fi_.(v^Z„)) 



n=l 



< M"||/i|UE[a] / \F[^,ix)\dx 
Jo 



< M"||/i||ooE[a]||F, 

< c4A^-^ 



where we used formula (15. 3p for the expression of F[_j^ for the second inequality. On the 
other hand the second term of (15.80 is bounded by 



E 



cr-l 



J2 Z: I /i (^,-0 1 ( v^Z„) (1 - e~'^i-o 



n=l 



< csA^ 



where we used Lemma [573l for the last inequality. Putting the pieces together, we conclude 
that (15.71) holds for £ > small enough. 
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5.2.4 Proof of (d) of Lemma 14.41 when a <1 

Recall that 



Note that, since a < 1, we have < 1 when Zn ^ 0. The quantities /2(Z„), F,y{^/XZn) 
and Fi^^{^/XZn)) are also bounded, so we check, using the dominated convergence theo- 
rem, that 



lim — E 



'a-1 



n=l 



CT-l 



Y,z:-'F,^Mf2{Zn) 



71=1 



Furthermore we have 



-E 



n=l 



-A^-^^E 



(7-1 



+ aE 
+ aE 



,n=l 
■(T-l 

5^ZrV2(^n) (i^l-.(O) - Fi_,(yAz, 

n=l 
cr-l 

5^ZrV2(^n)Fl-.(v^^n) (l - e-'^-° 



(5.9) 



n=l 



The first term is clearly bounded by CgA^ We turn our attention to the second term. 
In view of (15. 3p . we have 



i^i-.(0)-Fi_,(v^Z„) = / x'-'^" F,{x)dx < 

Jo 



2-2u " I- a 

where we used 2 — 2z/ = 1 — a for the last equality. Therefore, 

2zrV2(^n)(Fi-.(o)-Fi„,(v^z„)) I < 

_n=l 



u\ |oo yl-v 2j^-<^ 



E 



loo x\^v 



1 — a 



(T-l 

El 

.n=l 



< 



|i^.||oo||/2||ooE[a] ,i,, 

1 — a 



As for the third term of (15.91) . with the help of Lemma [5.31 we find 



E 



cr-l 



5^ZrV2(^n)Fl-.(v^^n)(l-e-^^-o^'=; 



n=l 



< cjX'. 



.E 



cr(l-e~^^fe=o^''- 



Putting the pieces together, we conclude that 



E 



CT-l 

E 

n.=l 



/i3(nj 



C3A'^ + o(A'^+^). 
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5.2.5 Proof of (e) of Lemma 14.41 when a < 1 

Recall that 

/i4H = -e-^^^-»^'=E[^„ I (5.10) 

This term is clearly the most difficult to deal with. We first need the next lemma stating 
that Zn+i cannot be too "far" from 

Lemma 5.4. There exist two constants Ki,K2 > such that for all n > 0, 

(a) P(Z„+i < |Z„ I < i^ie-^^^", 

(b) P(Z„+i > 2Zn I < i^ie-^^^". 

Proof. This lemma follows from large deviation estimates. Indeed, with the notation of 
section [21 in view of Cramer's theorem, we have, for any j > M — 1, 



= p{AM-i + 6 + --- + 0-Am < |} 
< pjei + . . . + < 1} < i^ie-^^^ 



where we used the fact that {^i) is a sequence of i.i.d geometric random variables with 
mean 1. Similarly, recalling that Am-i admits exponential moments of order /5 < 2, we 
also deduce, for j > M — 1, with possibly extended values of Ki and K2, that 



P<!Z„+i>2ZjZ„=j 



< p{Am-i > |} + P{6 + . . . + ^j-M+i > y } < i^ie-^^^'. 



□ 



Throughout this section, we use the notation, for t G [0, 1] and n G N, 



def 



n,t 



Zn + t(Zn^i — Zn)- 



In particular Vn,t £ [Zn, Zn+i] (with the convention that for a > b, [a,b] means a]). 
With this notation, we can rewrite the expression of 6n given in (14. Sp in the form 

9n = {Zn+l - Znf ^ (1 - ^) {(t>'L{yn,t) - <Pl{Zn))dt. 

Therefore, using the expression of (p'^ and (p'^ stated in Fact (15. 2p . we get 

E[^J^„]= j\l-t){ll{t) + ll{t))dt, 
Jo 



(5.11) 



with 



AE 



{Zn+l - Zrr)HF,{VXVn,t) ' F,{VXZ„ 



•J n 



-aA'^E 



(z„+i - Znf (KT'^i--(^^n.*) - ^r'^i-.(v^^" 



■J n 
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Recall that we want to estimate 



E 



cr-l 



^/i4(n) 



n=l 



E 



n=l 



E 



ge-^S-^. !\l-t)mdt 

n=l 



We deal with each term separately. 

Dealing with We prove that the contribution of this term is negligible, i.e. 



E 



n=l 



(5.12) 



To this end, we first notice that 

\m\ < aIe 



l^n.+i ^ max 

X&[Zn,Zn + l] 



T 



A^E 



\Zn+i - Zn\^ max {^xY Fi_^{VXx) 

xe[Z„,Zn + l] 



< ci_^A2E 



n+i - Znf max (yAx)"e-^^ 

a;e[Z,i,Z„+i] 



■J n 



(5.13) 



where we used (15. 2p to find C\^y such that Fi_^(x) < Ci_ye ^. We now split (|5.13l) 
according to whether 

(a) < < 2Z,, or (b) Z„^, < or > 2Z„. 



One the one hand, Lemma [431 states that 

E - Z^l^' I j;] < D^Zl for all j9 G N and Z„, ^ 0. 

Hence, for 1 < < cr — 1, we get 



E 



max (yAx)"e~^^l/i 



a;g[Z„,Z„+i 

< E 



n 



< E 



|Z„+i-Z„|3 max (v^x)"e-^^']l|i^„<^„^^<2^„} 
|Z„+i-Z„|=^(2v^Z„)°e-^^^" ^„ 



<C9z|(v^Z„)"e"^^^" 



(5.14) 



<C9A^Z?(yAZ„)'^e 
< cioA^~Z„,* , 



6+a _1 



•/XZn 
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where we used the fact that the function x^^-^ e 2 is bounded on IR+ for the last inequality. 
On the other hand, 



E 



\Zn^i-Zn\ max 
< E 



X) e 



X^[Zn,Zn + -l 

- Z„|3max(v^x)"e-^^]1 



{z„+i<iz„ or 



n 



x>0 



< CuE - I J-„]'/'P <! < or Z„+i > 2Z„ |. (5.15) 



{Zn + l<hZn or Zn + l>2Z„} 



■J n 



< C13. 

Combining fl513D . (IET4D and (fET5D . we get 



And therefore 



E 



n=l 



< CmA'^+^E 



CT-l 

n=l 



Corollary 12.31 states that E[^^~^ Zn ] is finite so the proof of (I5.12P is complete. 

Dealing with It remains to prove that 

•1 



E 



(T-l 



n=l 



{l-t)ll{t)dt 



To this end, we write 



with 



(5.16) 
(5.17) 



J\{t) E [(Z„+i - Z„,)'(Fi-.(v^K,t)) - Fi_,(v^Z„))Zr^ I ^„ 
J^(t) E [(Z„+i - z„)2(KT' - ^r')(i^i-.(v^K,) - Fi.,(0)) I , 

Again, we shall study each term separately. In view of fl5.16p and (15.17p . the proof of 
(e) of Lemma [44l when a < 1, will finally be complete once we established the following 
three estimates: 

V-l 



E 



E 



E 



, 1 ^0 



n=l 
0--1 



n=i -^0 



CT-l 

n=l 



{l-t)jl{t)dt 



O(A^), 

o{\% 

C + o{\'). 



(5.18) 
(5.19) 
(5.20) 
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Proof of (15.181) : Using a technique similar to that used for J^, we spht into three 
different terms according to whether 



(^) ~ ^n+l 



(b) 1 < < -Zn (c) = 0. 



For the first case (a), we write, for 1 < < cr — 1, recalling that Vn,t £ [Zn, Z, 



n+lj 



E 



< A5E 
= A 



n 



\Zn+i-Zn\^Z^-^ max \F[_,{^/\x 

x>^Z„ 

nZ„+i - I ^1 max f (v^x)"°F,(v^: 

< Ci5A^E [\Zn+i - Z„|3 I max ((v^: 



< cie^lA^e-^^^" 



< CiyA^Zn^ 



(5.21) 



where we used Lemma [4.31 to get an upper bound for the conditional expectation. 
For the second case (b), keeping in mind Lemma [5^ we get 



E 



■J n 



< C18A2E 

< CigA^E 



\Zn+l — Zn\^Z^ ^l{i<z„+i<iZ„} I 



max (^(VAx)-"e-^^' 



ya+2-n | 



A^t 



<Ci9i^iA^ZrV^'^" 
< C20A" 



(5.22) 



2 



For the last case (c), we note that when Zn+i = 0, then Vn,t = (1 — t)Zn, therefore 



E 



(Z„+i - Z^y (Fi_,(v^V;,i) - Fi„,(v^Z„) j Zr^]l|z„^,=o} -^n 

= Zl{F,.,{VX{Z4l - t))) - Fi_,(v^Z„))^r 'P{^n+i = 01^-4 
< C2iA^Z^+-e-^^^" 

<C2iA^(l-t)-"Z^e-^^^^" 

<C22A^(l-t)-". 



max (vXxY 

xG[Z„(l-t),Z„] 



(5.23) 
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Combining iKTDi . ^^22^ and (lOal) . we deduce that, for 1 < n < cr - 1, 



{1 - t)\4{t)\dt < C23X^ . 



Moreover, according to Corollary 12.31 we have E |^X]n=i 



< oo, therefore 



E 



^^-0^^- f\l-t)Jl{t)dt 
Jo 



n=l 



< E 



E / i^-t)\Jnmt 



< C24A— (5.24) 



which yields (IS.lSp . 
Proof of (ISIIID : We write 

with 



4{t) = E[i?„(t) I 



Again, we split the expression of according to four cases: 

Jl{t) = E[i?„(t)]l|^„^,=o} I J'r^+nRnmilKZ^^.^Zr.} I -^n] 

+nRnm{lZ^<Z^^,<2Z^} I ^n] + E >2Z„} | ^n]- (5.25) 

We do not detail the cases Zn+i = and 1 < Zn+i < \Zn which may be treated by the 
same method used in (I5.22P and (|5.23l) and yields similar bounds which do not depend 
on Zn. 

E[/2„(t)Il|z„+,=0} I -^n] < C25A'^(l-t)^" 

1 — Q: 

E[i?n.(^)]l{l<Z„+i<lZ„} I ^n] < C26X~. 

In particular, the combination of these two estimates gives: 



E 



n=l 



< C27A 



2 



(5.26) 



In order to deal with the third term on the r.h.s. of (15.251) . we write 

\E[Rn{t)l^iZ^<Z„+,<2Z„} I ^n]\ 



= E 

< cssE 



(Z„+i - Z„)2(v--i - zr^)(Fi_.(v^K,) - Fi-.(0))]1 



{\Zn<Zn+l<'iZn} 



T 



-'n+1 



Zn I max x' 



a-2 



x>- 



2^/XZn 



< C29E [\Zn+l -Zr\^\Tr\ HiaX x"*" 
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According to Corollary 12.31 when ^ < a < 1, we have E X]n=i ^"^^ 
we get 



< oo. In this case, 



E 



(T-l „1 

/ (1 -t)E[i?„(t)]l^i^„<^^^^<2Z„} I ^n]dt 

n=l "'O 



< C31A 



2 



(5.27) 



When < a < -I, the function x 4 e ^ is bounded on ]R_|_, so 



< C32A4Z„* . 



-\Zji 



Therefore, when a < \, the estimate (15.271) still holds by changing A ^2" to A". Hence 
for every a G (0, 1), we can find e > such that 



E 



n=l 



^ I (l-t)E[i?„(t)Il 




Tn\dt 



< cssA^ 



(5.28) 



We now give the upper bound for the last term on the r.h.s. of (15.251) . We have 



E 



Rn{t)t{Z 



■J n 



E 
+E 



■J n 



^n('^)^{Zn+i>ma.x{X-i,2Z„)} 



•J n 



On the one hand, when Z„ 7^ and ^„+i 7^ 0, we have \y^^ ^ — ^\ < 2 thus, for 
1< n < a- 1, 



E 



-Rn(t)1^2Z„<Z„+i<A-i} 



n 



= E 
< 2E 



n 



n+1 ~~ ^n) 



\/XZnJ, 



<C34E 



1 

A3 



1>2Z„} I -^n 



< C35A 4 E 

< C35A^E 

< C36A 



{Zn+1 — ZnYl^z,^+i>2Zn} I ^ n 



4 
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where we used Lemma [4.31 and Lemma [5.41 for the last inequahty. On the other hand, 



E 



' {Z„+i>max(A-3:,2Z„)} 



T 



= E 

< 2||Fi 



.E 



[Zn+l ~ ZnYl 



{Z„+i>max{A 3,2Z„)} 



■J n 



<C37E 



— -^n) ]l{Z„+i>2Z„} I ^ n P{^?i+1 



< C38^„e--^"P{Z„+i > A-4 I 
<C38^„e-^^"E[Z„+i| J-jhi 

< cagAi 

These two bounds yield 



E 



■(T-l „1 

^e^^^^-^^ / (l-t)E[i?„(t)]lM^^<^ 2^^^ I 

n=l 



< C4oA^ (5.29) 



with p = min(i^, |). Combining (lOHD . flOSD and fICTD . we finally obtain (IET9D . 
Proof of (15I20D : Recall that 

4it) = i^i-.(o)E [(z.+i - z„)2(\/7i - zr^) I . 

In particular, J^(t) does not depend on A. We want to show that there exist C G M and 
e > such that 



E 



ge-^^-^. r\l-t)Jlit)dt 

n=l 



C + o{\'). 



(5.30) 



We must first check that 



E 



n=l 



< OO. 



This may be done, using the same method as before by distinguishing three cases: 

(a) Zn+l > ]^Zn (b) 1 < Zn+l < ]^Zn (c) = 0. 

Since the arguments are very similar to those provided above, we feel free to skip the 
details. We find, for 1 < n < cr — 1, 



[l - t)\jl{t)\dt < C^iZn ^+C42 < C43^, 



Since E |X]n=i Zn I < oo, with the help of the dominated convergence theorem, we get 



lim E 



(T-l 

E 

n=l 



Efc=o Zk 



'l-t)jl{t)dt 



E 



n=l 



def 



C e M. 
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Furthermore we have 



E 



Ee-^^-o^. !\l-t)Jl{t)dt 

n=l 



C 



E 



< C43E 



Y^{^l-e~'^l-^'^)!\l-t)Jl{t)dt 

n=l ^0 



n=l 



And using Holder's inequality, we get 



E 



cr-l 



n=l 



< E 



< E 



cr-l 



?i=i 



< C44E 

< C45A^ 



1 - e^^^fe=o^'=)^a 

(1 - e"^^^=o^'' )cr 



E 



cr-l 
n=l 



3q 
4 

n 



where we used Lemma 15.31 for the last inequality. This yields (|5.20l) and completes, at 
last, the proof of (e) of Lemma [441 when a G (0, 1). 



5.2.6 Proof of Lemma 14.41 when a = 1 

The proof of the lemma when a = 1 is quite similar to the one for a < 1. Giving a 
complete proof would be quite lengthy and redundant. We shall therefore provide only 
the arguments which differ from the case a < 1. 

For a = 1, the main difference from the previous case comes from the fact that the 
function F^^y = Fq is not bounded near anymore, a property that was extensively used 
in the course of the proof when a < 1. To overcome this new difficulty, we introduce the 
function G defined by 

G{x) = Fo{x) + Fi{x) logx for x > 0. (5.31) 

Using the properties of Fq and Fi stated in section 15. li we easily check that the function 
G satisfies 

(1) G{0) = lima;^o+ G{x) = log(2) — 7 (where 7 denotes Euler's constant). 

(2) There exists cq > such that G{x) < cgc'^ for all x > 0. 

(3) G'{x) = -xFo{x) logx, so G'(0) = 0. 

(4) There exists cc > such that \G'{x)\ < ccy/xe'^^"^ for all x > 0. 

Thus, each time we encounter -Fo(x) in the study of /ifc(n), we will write G{x) — Fi(x) logx 
instead. Let us also notice that Fi and F[ are also bounded on [0, 00). 

We now point out, for each assertion (a) - (e) of Lemma 14.41 the modification required 
to handle the case a = 1. 
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Assertion (a): E[/i(0)] = CpAlogA + C'qX + o(A) 
As in section 15.2.11 we have 



E[/i(0)] 



AE 
AE 
AE 



X 



xFo{\^x)d. 
xG{\fXx)dx 



- AE 









-Zi 



xFi{-\/~Xx) \og{-\/\x)d: 



X 



J X (^G{\/\x) — Fi{^/\x) logxj dx 



-AlogAE 

2 ^ 



xFi{^/\x)d. 



X 



and by dominated convergence, 



lim E 



J X (^G{y/\x) — Fi(\/\x) logxj dx 



j dx 


= E 











x{G{0)- Fi{0)\ogx)dx 



Furthermore, using the fact that F[ is bounded, we get 



E 



xFi{VXx)d. 



X 



so that 



E[/x(0)] = CoAlogA + C;A + o(A). 



Assertion (b): EE^:>i(n)] = o(A) 

This result is the same as when a < 1, the only difference being that now 

C logx 



P{^oo > X} 



Thus, equality (15.60 becomes 



A^E 



(T-l 



n=l 



S y ^ —2 log A 1 



~ C46A2|logAh 



and the same upper bound holds. 

Assertion (c): E[J2nll f^^jn)] = CaAlogA + C^A + o(A) 
Using the definition of G, we now have 

/i2(n) = AZ„Fo(yAZ„)/i(Z„)e-^^''^-=o^'= 

= AZ„/i(Z„)e-"^*=o^^ (G(v^Z„)-Fi(v^^n)log(Z„)) -^logAFi(v^Z„ 

Since fi{x) is equal to for x > M — 1, we get the following (finite) limit 
5^Z„/i(Z„)e-^^J^-o^.(G'(v^Z„)-Fi(v^Zjlog(Z„)) 

cr-l 

5^Z„/i(ZO(G(0)-Fi(0) log(Z„)) 



lim E 



n=l 



E 



n=l 
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Using the same idea as in (15.81) . using also Lemma [5731 and the fact that F[ is bounded, 
we deduce that 



E 



cr-l 



n=l 



E 



cr-l 



n=l 



which completes the proof of the assertion. 

Assertion (d): EE^l} ^3(^)] = CsAlogA + C'^\ + o(A) 

We do not detail the proof of this assertion since it is very similar to the proof of (c). 
Assertion (e): ^[YIZX ^^iin)] = C^A + o(A) 

It is worth noticing that, when a = 1, the contribution of this term is negligible compared 
to (a) (c) (d) and does not affect the value of the constant in Proposition [4]T1 This differs 
from the case a < 1. Recall that 

where On is given by (14. Sp . Recall also the notation Vn^t = Z^ + t{Zn+i — Zn). Just as in 
(15. lip , we write 



ii-tmt)+m)dt, 



with 



def 



AE 



-AE 



Zn+l - Znf(F^{^Vn,t) - Fl(v^^n)) | 

{Zn+1 - Znf{F^{^Vn,t) - FoiVXZn)) I -F, 



It is clear that inequality (15.130 still holds i. e. 

|/;^WI<AtE 



Zn+i — Zn\^ max \^xFq{\/Xx) \ Tn 

a;e[Z„,Z„+i] 



In view of the relation 



Fo(v^x) = G{yf\x) - Fi{^/\x) logx - ^Fi(v^x) log A, 
and with similar techniques to those used in the case a < 1, we can prove that 



E 



n=l 



< C47AS I log A I = o(A). 



(5.32) 



It remains to estimate /^(t) which we now decompose into four terms: 

m = -KJi{t) + m + Ji{t) + Jtm 
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with 



def 



Jnit) 
Jlit) 

m = 



E 



--logAE 



2 
-E 

-E 



{Zn+l - Znf log Zn{Fi{^Vn,t) - F^{^Zrr)) \ Tn 

- Z„)2(logK,t - log(Z„))Fi(v^K,t) I -^n 



We can obtain an upper bound of order A*^ for J^(t) by considering again three cases: 

(1) ^ ^n+l < 22'„ (2) Zn+l < -^n (3) ^n+l ^ 2Z„. 

For (1), we use that |G"(x)| < CG'^/xe~^^'^ for all x > 0. We deal with (2) combining 
Lemma 15.41 and the fact that G' is bounded. Finally, the case (c) may be treated by 
similar methods as those used for dealing with J'^it) in the proof of (e) when a < 1 {i.e. 
we separate into two terms according to whether Zn+i < A"^/^ or not). 

Keeping in mind that Fi is bounded and that = xFo{x) < C4sy/xe~^, the same 

method enables us to deal with and Combining these estimates, we get 



E 



ge-^^-o^. ^(1 _ t) (Jl{t) + Jlit) + J„^(t)) dt 

n=l ^ ^ 



O(A^). 



for e > small enough. Therefore, it merely remains to prove that 



hm E 



n=l 



(5.33) 



exists and is finite. In view of the dominated convergence theorem, it suffices to prove 
that 



E 



J2 / (l-t)E {Zn+l- Znf\\0gVn,t-l0giZ„ 



n=l 



■J n 



dt 



< oo. 



(5.34) 



We consider separately the cases Zn+i > Zn and Zn+i < Zn. On the one hand, using the 
inequality log(l + x) < x, we get 



E 



l{Z„+i>Z„}(^n+l - Znf\ logVn^t - log{Z„ 



T 



< E 



]l{Z„+i>Z„}(^n+l - ^n) log 1 



t{Zr, 



+1 



z„ 



T 



< t\ z.. 



On the other hand, we find 



E 



l{Z„+i<Z„}(^n+l - ^n)^| logK.t - log(Z„) 



< E 



{Zn + l<Z„} 



z„riog 1 



■J n 

t{Zn — Zn+i) 
Zn ~ t{Zn — Zn+l] 



■J n 



< 



1 - t 



Since E[^^^-^ \fZ^ is finite, we deduce (15.34p and the proof of assertion (e) is complete. 
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6 Proof of Theorem 11.1 



Recall that X stands for the (M, p)-cookie random walk and Z stands for its associated 
branching process. We define the sequence of return times (o"„)n>o by 



def 

CTq = 0, 



an+i = mi{k > On , Zk = 0}. 
In particular, ai = a with the notation of the previous sections. We write 

a-n (Tl — 1 CTn — 1 

Zk = Zk + . . . + Zk- 

k=0 k=ao k=an—i 

The random variables (X]fc=CTi ^ , i G N) are i.i.d. In view of Proposition 14.11 the 
characterization of the domains of attraction to a stable law implies 

S,y when a G (0, 1), 

(6.1) 

c when a = 1. 





law 




n^oo 




prob 


n log n 


n^oo 



where denotes a positive, strictly stable law with index u = and where c is a 
strictly positive constant. Moreover, the random variables {an+i — 0"„ , n G N) are i.i.d. 
with finite expectation E[(t], thus 

— ^ E[a]. (6.2) 
The combination of (16.11 ) and (16. 2p easily gives 

%^ i^ E[a]-^5. when a G (0,1), 
cE[cr]^^ when a = 1. 



n— >oo 



nlogn 



Concerning the hitting times of the cookie random walk T„ = inf{A; > , = n}, 
making use of Proposition 12.11 we now deduce that 



^ 2^2E[a]-^S, when a G (0,1), 

" n— >oo 



2cE\a]-^ when a = 1. 



Since T„ is the inverse of sup^,<„Xfc, we conclude that 



:^supk<n^k My when a G (0,1), 

— n— >co 

i^supfc<„Xfc ^ C when a = 1, 

— n^oo 

where C = {2cy^E[a] > and = 2-'E[a]S-'' is a Mittag-Leffler random variable 
with index u. This completes the proof of the theorem for sup;.<„Xfc. It remains to prove 
that this result also holds for X„ and for inffc>„Xfc. We need the following lemma. 
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Lemma 6.1. Let X be a transient cookie random walk. There exists / : N i— R+ with 
limi^^+oo f{K) = such that, for every n G N, 

P{n- inf Xi > K} < f{K). 

Proof. The proof of this lemma is very similar to that of Lemma 4.1 of [3]. For e N, 

let u}x,n = (i^x,n(^, a:))i>i,xez denote the random cookie environment at time T„ "viewed 
from the particle", i.e. the environment obtained at time T„ and shifted by n. With this 
notation, ujx,n{'i,x) denotes the strength of the z**" cookies at site x: 

a x) = i =t + ^{0<k<Tn,Xk = x + n}<M, 

\ I otherwise. 

Since the cookie random walk X has not visited the half line [n, oo) before time T„, the 
cookie environment ujx,n on [0, oo) is the same as the initial cookie environment, that is, 
for X > 0, 

^ / P. if 1 <«<M, 
-^xA^,^) = [i otherwise. ^^-3) 

Given a cookie environment u, we denote by P^^ a probability under which X is a cookie 
random walk starting from in the cookie environment u. Therefore, with these notations, 

P{n - inf Xi > K} <E [P^^ „{X visits -K at least once}] . (6.4) 

Consider now the deterministic (but non-homogeneous) cookie environment Up^^ obtained 
from the classical homogeneous (M, p) environment by removing all the cookies situated 
on (— oo, —1]: 

Ljp^^{i,x) = |, for all X < and i>l, 

u}p^+{i, x) = Pi, for all X > and i > 1 (with the convention = | for i > M). 

According to (16. 3p . the random cookie environment u!x,n is almost surely larger than the 
environment ujp^+ for the canonical partial order, i. e. 

<^x,n{hx) > Up^j^{i,x) for alH > 1, a: G Z, almost surely. 
The monotonicity result of Zerner stated in Lemma 15 of [15] yields 
P^j^^jX visits — K aX least once} < P^jp^jX visits — K at least once} almost surely. 
Combining this with (16. 4p , we get 

P{ra - inf Xi > K} < P^„- + {X visits - i^' at least once}. (6.5) 

i>Tn 

This upper bound does not depend on n. Moreover, it is shown in the proof of Lemma 
4.1 of [3] that the walk in the cookie environment Up^+ is transient which implies, in 
particular, 



^ujp+{X visits — K a.t least once} — > 0. 

K—>oo 



□ 
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We now complete the proof of Theorem ll.li Let n,r,p e N, using the equality 

{Tr+p <n} = {supfc<„Xfc >r + p}, we get 

{sup Xk <r} C {inf Xj, < r} C {sup X^ < r + p} U { inf Xk < r}. 

k<n k<n k>Tr+p 

Taking the probability of these sets, we obtain 

P{supXfc < r} < P{inf Xk < r} < P{supXfc < r + p} + P{ inf Xk < r}. 

k<n k>n k<n k>Tr+p 



But, using Lemma [6. 11 we have 

P{ inf Xk<r} = P{r + p- inf Xk > p} < f{p) — > 0. 

Choosing a; > and r = [xn'^\ and p = [lognj , we get, for a < 1, as n tends to infinity 

lim P < 4 = hm P /!l^PM!i^ <x\=P{M.<x}. 

n^oo \^ n'^ J n-»oo \^ U'^ J 

Of course, the same method also works when a = 1. This proves Theorem ILII for 
mik>nXk. Finally, the result for X„ follows from 

inf Xk<Xn< supXfc. 

k>n k<n 
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